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ABSTRACT: In-process tests are used between manufacturing steps to avoid the cost of further processing
material that is apt to fail its final tests. Rapid microbiological methods that return simple negative or positive
results are attractive in this context because they are faster than the compendial methods used at product release.
However, using a single such test will not reliably detect barely unacceptable material (sensitivity) without
generating an undesirable number of false rejections (poor specificity). We quantify how to achieve a balance
between the risks of false acceptance and false rejection by performing multiple rapid microbiological methods
and applying an acceptance rule. We show how the end user can use a simple (and novel) graph to choose a
sample size, the number of samples, and an acceptance rule that yield a good balance between the two risks while
taking cost (number of tests) into account.
KEYWORDS: Alternative microbial method, Binomial distribution, Colony-forming units (CFU), False alarm rate,
Most probable number (MPN), Operating Characteristic (OC) curve, Poisson distribution, Rapid microbiological
method (RMM), Sensitivity, Specificity.
LAY ABSTRACT: In-process tests are used between manufacturing steps to avoid the cost of further processing
material that is apt to fail its final tests. Rapid microbiological methods that return simple negative or positive
results are attractive in this context because they are faster than the compendial methods used at product release.
However, using a single such test will not reliably detect barely unacceptable material (sensitivity) without
generating an undesirable number of false rejections (poor specificity). We quantify how to achieve a balance
between the risks of false acceptance and false rejection by performing multiple rapid microbiological methods
and applying an acceptance rule. We show how the end user can use a simple (and novel) graph to choose a
sample size, the number of samples, and an acceptance rule that yield a good balance between the two risks while
taking cost (number of tests) into account.

Introduction
A method for estimating the most probable number
(MPN) of microorganisms (colony-forming units, or
CFUs) in a batch of material has been in use for almost
a century (1– 4). It involves using several different size
samples (or dilutions) of the batch. One then determines how many samples of each of the different sizes
are positive for the presence of microorganism(s), but,
unlike compendial plate count methods—for example,
USP General Chapter ⬍61⬎ (5)— one cannot deter-
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mine how many CFUs had originally been present in
any particular sample.
When performing an in-process test, one does not
necessarily need a numerical estimate of the CFU
concentration in the batch. Instead, one may merely
need assurance at some specified level of confidence
that the concentration does not exceed a particular
acceptance limit. This is because the manufacturer
simply wants to decide whether to expend resources
on further processing steps and rely on a more timeconsuming compendial method—for example, USP
General Chapter (5)—when testing the final product
prior to release.
In such a case, a streamlined and more economical
test is possible. Miller (6) proposed such a rapid
microbiological method (RMM) using a technique
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called dilute to specification wherein a sample is
diluted so that an average sample will have one CFU
if the batch is at its acceptance limit. However, as
we will show, that method only has a 63% (1 – 1/e)
chance of rejecting a batch that just barely exceeds
its acceptance limit.

as a whole. In addition, the errors in their volumes
might tend to be correlated. In practice, judgment
calls are often made. For example, requiring each
test to be made on a different day by a different
technician using a different piece of equipment
would be impractical.

This contribution refines Miller’s (6) proposal using
the same sort of probabilistic logic that Cochran (3)
used. In particular, we propose a series of RMM tests,
but unlike the MPN method, all the tests in the series
use a common level of dilution. Acceptance or rejection of moving the batch to the next step in the process
hinges on whether a sufficient number of tests in the
series fail to detect CFUs (the acceptance rule). A test
scheme is defined by its level of dilution, the number
of tests performed, and its acceptance rule. We theoretically derive the sensitivity (ability to detect batches
that exceed their acceptance limit) and false alarm rate
(specificity, a common statistical term that simply
refers to the probability that a batch that is truly below
the acceptance limit will correctly be accepted) of any
such test scheme, and point out several practical and
impractical test schemes. By comparing the sensitivity, false alarm rate, and cost of the different test
schemes, a scheme appropriate for the in-process situation can be chosen.

This paper derives a statistical model that calculates
the sensitivity and false alarm rate of any chosen test
scheme and then applies it to a variety of practical
schemes.

As with Cochran’s (3) explanation of the MPN
method, we assume that (i) the organisms are distributed randomly throughout the batch; (ii) if a sample
contains one or more microorganisms, the RMM is
certain to detect it; (iii) if a sample does not contain
microorganisms, the RMM will not return a false
positive; and (iv) each test is performed independently. Violation of assumption (ii) will lower the
sensitivity. Violation of assumption (iii) will raise the
false alarm rate. No method short of 100% testing is
likely to detect a huge number of CFUs concentrated
in a miniscule portion of a batch (a gross violation of
assumption (i).
Ideally, independence means that each test is done
separately and that each sample is taken separately.
For example, taking a single sample from a batch,
diluting it, and then subdividing the dilutions would
be a gross violation of independence. Using a multichannel pipette to withdraw a dozen samples from a
liquid batch would violate independence because all
the samples would be drawn from a relatively small
portion of the batch and they might tend to all have
lower or higher CFU concentrations than the batch
Vol. 69, No. 2, March–April 2015

Statistical Model
Suppose that the batch contains, on average, B CFUs
per gram and one takes a random sample containing Q
grams. In practice, a 0.01 g sample might be obtained
by diluting a 1 g sample to a total volume of 100 mL
and then testing a 1 mL sample of that dilution.
The number of CFUs in such a sample will be Poissondistributed (7, 8), so the expected number of CFUs per
sample is BQ and the probability that a particular
sample contains no CFUs is p ⫽ exp(–BQ) where
“exp” denotes the natural exponential function.
Now suppose we independently take n such random
samples. The probability that k or fewer of them
contain at least one CFU (and that at least n – k contain
no colony forming units) can be calculated using the
binomial probability distribution (3, 8):
The probability that no more than k units contain
CFU’s is

冘 i!共nn!⫺ i兲!共1 ⫺ p兲 p
k

i n⫺i

(1)

i⫽0

Or, equivalently, the probability that more than k
contain CFU’s is
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where p, the probability that a single sample contains
no CFUs, is exp(–BQ) as above.
If one assumes that the test method will always give
a positive result if the sample being tested contains
one or more CFUs and will always give a negative
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result if it contains no CFUs, eq 1 or eq 2 lets one
calculate the probability of permitting a batch to be
moved to the next processing step as a function of
the (unknown) CFU/gram using the acceptance rule:
The batch will be processed further if no more than
k samples test positive (i.e., at least n – k samples
test negative).
Applying the Model
Let’s call the acceptance limit L CFU/g. Suppose a
batch is at the acceptance limit (B ⫽ L). If we
choose a sample size of Q ⫽ 3/L grams, the expected number of CFUs in the sample will be B ⫻
3/L ⫽ 3, and the probability that a single sample
will contain at least 1 CFU will therefore be 1 –
exp(–3) ⫽ 0.95. Let’s call the expected number of
CFUs per sample when the batch is at its acceptance limit the ECAL. Note that the ECAL does not
need to be an integer.
Unfortunately, if we use an ECAL of 3.0 as above, a
single sample from a batch having a CFU concentration of 24% of the acceptance limit will have slightly
better than a 50/50 chance of being rejected because
the expected number of CFUs in a sample of size 3/L
is 0.24L ⫻ 3/L ⫽ 0.72 and 1 – exp(–0.72) ⫽ 0.51. The
1/L “dilute to specification” sample size (ECAL ⫽
1.0) recommended by Miller (6) has a lower false
alarm rate (better specificity) but has only a 63%
chance of rejecting a batch that just barely exceeds
(i.e., has a CFU concentration more than 100% of) its
acceptance limit.
Suppose, however, that we take eight samples of size
3/L (ECAL ⫽ 3.0) and apply the following acceptance
rule: Accept processing the batch further if two or
more samples test negative and reject if fewer than
two test negative (i.e., more than six text positive).”
Using eq 2, the probability of correctly rejecting a
batch with B ⫽ L CFU/g is still nearly 95% because
with k ⫽ 6
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However, a batch at 24% of the acceptance limit now
has only a 4% chance of being incorrectly rejected and
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it takes 54% of the acceptance limit to exceed a 50/50
chance of being incorrectly rejected.
Figure 1 shows, for a variety of test schemes, the
probability of correctly rejecting a batch when it is at
its acceptance limit, L CFU/g, versus the CFU concentration corresponding to a 50/50 false alarm rate as
calculated from either eq 1 or eq 2. It includes all
possible combinations of 1, 4, or 8 tests with ECALs
of 1.0, 2.0, or 3.0 whose sensitivity and false alarm
rates are within the limits of the vertical and horizontal
axes shown. (The 17 schemes outside of the axes
shown are unlikely to be useful.)
Three of the testing schemes identified by boxed
labels were described earlier in this section. The
scheme identified by the label (1, 1, 3.0) is the high
sensitivity (towards the top of the graph)/high false
alarm rate (towards the left on the graph) scheme.
The first number in the label is the number of tests.
The second is the minimum number of negatives
required. The third is the ECAL. The (1, 1, 1.0)
testing scheme is Miller’s (6) “dilute to specification” (lower sensitivity, lower false alarm rate)
scheme. The (8, 2, 3.0) testing scheme has a lower
false alarm rate and about the same sensitivity as the
(1, 1, 3.0) testing scheme.
Schemes with short labels are identified as follows:
Symbols indicates the expected number of CFUs when
the batch is at its acceptance limit (the ECAL). Short
numeric labels denote the number of negatives required to pass the batch. The solid line connects
schemes involving eight tests. The short dashed and
long dashed lines connect schemes involving one and
four tests, respectively. No ability to interpolate
should be inferred. Other schemes with long labels are
discussed in the Discussion section.
Discussion
Figure 1 ought to be more useful to a scientist,
engineer, or microbiologist than a set of operating
characteristic (OC) curves. Figure 1 lets one compare the advantages and disadvantages of many
potential test schemes. An OC curve (9) could easily
be calculated for each of the schemes in Figure 1,
but a graph showing more than a few of them would
be unreadable. The choice of 50/50 for accept/reject
on the x-axis corresponds to the ISO Standard
3534-2 “Point of Indifference” (10). In other contexts a different probability of rejection could be
PDA Journal of Pharmaceutical Science and Technology
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Figure 1
Expected performance of various testing schemes. Symbols indicates the expected number of CFUs when the
batch is at its acceptance limit (the ECAL). Square ⴝ 1.0. Triangle ⴝ 2.0. Filled circle ⴝ 3.0. Short numeric
labels denote the number of negatives required to pass the batch. Schemes with long numerical labels are
discussed in the text; they denote the number of tests, number of negatives required, and the ECAL. The solid
line connects schemes involving eight tests. The short dashed and long dashed lines connect schemes involving
one and four tests, respectively. No ability to interpolate should be inferred. Points towards the top of the plot
correspond to high sensitivity to detect batches that exceed the acceptance limit. Points towards the right have
lower false alarm rates (better specificity).

chosen. A .jmp file and an Excel spreadsheet, either
of which can help an interested reader evaluate
other candidate testing schemes, are available from
the corresponding author. It would also be straightforward to reproduce the logic in a programming
language. If one’s software permits one to point to
individual data points and ask for more information,
one could create a denser plot than Figure 1 and
explore it for attractive test schemes.
Ultimately, the best testing scheme is a somewhat
subjective compromise that depends on the sensitivity
and specificity needed at the process stage of interest,
the stage one is at in the production process, whether
earlier or later in-process tests will provide additional
Vol. 69, No. 2, March–April 2015

safety margins, and the testing time and costs involved. This is because in-process tests are used so
that one can discard material before incurring additional processing costs if the material is “too likely” to
fail later (quantifying “too likely” is beyond the scope
of this paper). When determining the cost of a scheme
it is essential to recognize that the each test in the
scheme must be performed on independently obtained
and prepared samples (see Introduction). Historical
data regarding typical CFU levels may also be useful
in choosing a scheme. In addition, if different schemes
are used at different points in the process, one may
want to keep some level of consistency between them
to reduce the likelihood of mistakes. (Different
schemes might be used at different points in the pro267
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cess depending on the relative costs of different processing steps.)
For example, if CFU levels are expected to be far
below the acceptance limit, one might prefer the more
sensitive (4, 2, 3.0) or even the (1, 1, 3.0) to the more
labor-intensive (8, 2, 3.0) scheme. The latter two
schemes have essentially the same sensitivity (ability
to detect lots that exceed the acceptance limit), but the
false alarm rate rises as one reduces the number of
tests performed. Schemes towards the lower right
[such as (8, 3, 1.5) scheme] might be used if false
alarms (horizontal axis) are less financially tolerable,
and if false negatives (vertical axis) will be detected in
some later stage before prohibitive additional processing costs are incurred. When the number of negatives
are typically well above the minimum required, one
can compare the actual number to alert or action
levels. For example, someone using the (4, 2, 3.0)
scheme for acceptance might select an alert level of (4,
1, 3.0).
Increasing the number of negatives required while
keeping the number of tests and the ECAL constant
clearly increases a scheme’s sensitivity to detect lots
that exceed the acceptance limit (moving upward in
the figure) at the expense of a higher false alarm rate
(poor specificity, moving rightward in the figure).
Increasing the ECAL has the same directional effect.
Increasing the number of tests permits one to improve
both sensitivity and specificity at the expense of increasing the cost of testing, but this soon reaches a
point of diminishing returns. For example, one can
achieve 95.4% sensitivity to lots that exceed their
acceptance limit while retaining a 50/50 chance of not
rejecting a lot at 81% of its acceptance limit, but that
scheme would involve 100 tests, an acceptance criterion of at least 20 negatives, and an ECAL of 2.0
CFU/sample.
As mentioned by Halvorson and Ziegler (2), the results of any series of tests can also be used to compute
a maximum likelihood estimate for the actual CFU
concentration in the batch and a one- or two-sided
confidence limit around it (the MPN procedure). For
example, if one independently tests eight samples and
three results are negative, one can estimate that the
binomial proportion of negatives is 0.375, and Table
A23a of Hahn and Meeker (11) tells one that a singlesided 95% lower confidence limit on that proportion is
0.111. If the sample size is Q grams, p ⫽ exp(–BQ)
tells us that a 95% upper confidence limit on the
268

CFU/g in the batch is –ln(0.111)/Q). Thus, had the
chosen sample size been Q ⫽ 0.03 g, the result would
translate to a 95% upper confidence limit of 73.3
CFU/g.
Conclusion
When used in-process, the sensitivity and specificity
of economical RMMs can be greatly enhanced by
performing multiple tests on independent samples and
adopting an appropriate rule such as “X out of N
samples must test negative”. The equations and figures
shown herein can help one choose an appropriate
acceptance rule.
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